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INTRODUCTION 

In [[ll, 0, [13] Babenko-Taimanov and Rudyak-Tralle give examples of non-formal 
simply-connected compact symplectic manifolds of any even dimension bigger than 
or equal to 10. Babenko and Taimanov raise the question of the existence of non- 
formal simply-connected compact symplectic manifolds of dimension 8, which cannot 
be constructed with their methods. In [6], it is constructed the first example of a simply- 
connected compact symplectic 8-dimensional manifold which is non-formal, thereby 
completing the solution to the question of existence of non-formal symplectic manifolds 
for all allowable dimensions. This example is constructed by starting with a suitable 
complex 8-dimensional compact nilmanifold M which has a symplectic form (but is not 
Kahler). Then one quotients by a suitable action of the finite group Z3 acting symplec- 
tically and freely except at finitely many fixed points. This gives a symplectic orbifold 
M = M/Z3, which is non-formal and simply-connected thanks to the choice of Z3- 
action. The last step is a process of symplectic resolution of singularities to get a smooth 
symplectic manifold. The symplectic resolution of isolated orbifold singularities has 
been described in detail in ||4|]. The non-formality of M is checked via a newly defined 
product in cohomology. This is a product of Massey type, which is called a-product, and 
it is discussed at length in 0\. 

The purpose of the present note is to give a new description of the symplectic orbifold 
M defined in [6]. The description presented here is in terms of real nilpotent Lie groups. 
Secondly, we prove the non-formality of M by using higher order Massey products 
instead of a-products. It remains thus open the question of the existence of a smooth 
8-manifold with non-zero a-products but trivial (higher order) Massey products. 
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Let G be the simply connected nilpotent Lie group of dimension 6 defined by the 
structure equations 

J/3, = 0, /=1,2 
dri = 0, /=1,2 

jT]i = -/3iA7i+/32Ari+/3iA72 + 2/32Ar2, ^ 
dri2 = 2j8i A 7i +/32 A 7i +/3i A 72 - /32 A 72, 

where {/3/, 7, r/,-; 1 < / < 2} is a basis of the left invariant 1-forms on G. Because the 
structure constants are rational numbers, Mal'cev theorem [7] implies the existence of a 
discrete subgroup F of G such that the quotient space A'^ = r\G is compact. 

Using Nomizu's theorem [|9|] we can compute the real cohomology of A^. We get 

H'{N) = (1), 

H^N) = {[piAp2\, [j8i A 7i], [/3i A 72], [71 A 72], [/3i A r]2 -/32 A r^i], [71 A r]2 - 72 A t]i], 

[/3l A 7]i +/3i A 7]2 +/32 A 772], [71 A 7]i + 7i A 7]2 + 72 A T?2]), 

h\n) = ([/3iA/32A77i],[/3iAj82Ar]2],[7iA72AT]i],[7iA72Ar]2],[/3iA7iA(T]i+2T]2)], 
A 7i A 7]2 - /3i A 72 A 771] , [/3i A 72 A 7]i - /3i A 72 A 7]2] , [p2 A 72 A (772 + 2771)] , 
[p2 A 72 A r]i - /32 A 7i A T]2], [p2 A 7i A r]2 - /32 A 7i A r]i]), 

//4(A^) = ([/3i A/32A71 A7]i],[/3iA/32A7i AT]2],[i8lAi82A7]i A7]2],[/3lA7i A72AT]2], 
[p2 A 7i A 72 A 772], [71 A 72 A r]! A 772], [j8i A 72 A T]i A T]2 -/32 A 71 A r]! A 772], 
[j8i A 72 A r]! A r]2 + /3i A 7i A r]i A r]2 + /32 A 72 A T]i A T]2]), 

h\n) = ([/3i A/32A71 Ar]! AT]2],[j8i A/32A72Ar]i Ar72],[/3iA7i A72A771 A772], 

[J82A71 A72Ar]i AT]2]), 

h\n) = ([/3i A/32A71 A72AT]i Ar]2]). 

We can give a more explicit description of the group G. As a differentiable manifold 
G = M^. The nilpotent Lie group structure of G is given by the multiplication law 

m: GxG — > G 

((yi,y2'2l'4'"^'l'"^'2)'(3^1'3^2,2l,Z2,Vl,V2)) ^ (^Jl + /i ,^2 +3^2, ^1 +^1,^2 +4' 

vi + v[ + {y[ -y2)zi - {y\ + 2^2)^2, 

V2 + V2 - {2y\ +^2)21 + (y'l - y\)z2^ ■ 

(2) 

We also need a discrete subgroup, which it could be taken to be C G. However, for 
later convenience, we shall take the subgroup 

r= {(yi,j2,zi,22,vi,V2) G Z^|vi =V2 (mod3)} C G, 
and define the nilmanifold 

= r\G . 



In terms of a (global) system of coordinates (^1,^25^15^25^1, V2) for G, the 1-forms /3,-, 
Yi and 7],, 1 < z < 2, are given by 

A- = ^i?J.5 l</<2, 

Yi = dzi, 1 < z < 2, 

T]i = dv\-y\dz\+y2dzi+yidz2^-2y2dz2-, 

7)2 = dv2 + 2yidzi+y2dzi+yidz2-y2dz2- 

Note that A'^ is a principal torus bundle 

= Z((l, 1), (3,0))\m2 — > = Z\R^, 

with the projection (^1,^2,215225 vi 5 V2) ^ {yi,y2,zi,Z2)- 

The Lie group G can be also described as follows. Consider the basis {/i,-, v,, 0,; 1 < 
z < 2} of the left invariant 1-forms on G given by 

M2 = /3i + ^^/32, 
1-v^ 

V2 = ri + — 2 — ^25 

02 = V2- 

Hence, the structure equations can be rewritten as 

diij = 0, 1 < z < 2, 
dv, =0, 1 < z < 2, 

dOi =/ilAVi-jU2AV2, ^ ^ 

J02 = AilAV2 + Ai2AVi. 

This means that G is the complex Heisenberg group He, that is, the complex nilpotent 
Lie group of complex matrices of the form 

1 U2 M3 \ 
1 Ml . 

1 / 

In fact, in terms of the natural (complex) coordinate functions (mi,M2,M3) on H£, we 
have that the complex 1-forms 

/i = dui, V = du2, = du2 — U2dui 

are left invariant and djl = dv = Q, d9 = /\v . Now, it is enough to take jUi = 9t(ju), 
jU2 = 3(m), Vi = 9l(v), V2 = 3(v), 01 = 91(0), 02 = 3(0) to recover equations ©, 
where 9?(ju) and 3(/i) denote the real and the imaginary parts of /i, respectively. 

Lemma 1 Lef Ad C be the lattice generated by 1 and C, = e'^^'^'^, and consider the 
discrete subgroup Th C H£ formed by the matrices in which mi,M2,"3 G A. Then there 
is a natural identification ofN = T\G with the quotient Th\H£. 



Mi=/3i + ^— /32, 

1 + v^ 
vi = 7i + — 2 — ^25 



Proof We have constructed above an isomorphism of Lie groups G — > H^, whose 
explicit equations are 

(yi,j2,Zl,Z2,Vl,V2) ^^ (mi,M2,M3), 

where 

1-^3 

wi = IjiH — ^ — y2\+i\y\-^ — — yi 




1-V3 

"2 = I 21 H Z2 \+l\Z\^ Z2 

U3 = -^i2vi+v2 + 3ziy2 + ^Z2yi+^Z2y2)+i{v2 + 2ziyi+z2yi+ziy2-Z2y2)- 

Note that the formula for can be deduced from 

/ 2 1 \ 

du2,~U2du\ = = ( y^^i + yf^^ J ■ 

Now the group F C G corresponds under this isomorphism to 

(mi,M2,M3)|mi,M2 G Z( 1+z, — 1 — i) ,M3 G Z(2V3,V3 + i) ^ . 

Using the isomorphism of Lie groups H£ He given by 

Ui U2 i<3 



(m1,M2,M3) ^ (Mi,M2,"3) 



i+ri+/'(i+/)2^ 

we get that G A = Z ( 1 , ^ ) , which completes the proof. □ 

Remark 2 If we had considered the discrete subgroup C G instead ofTcG, then 
we would not have obtained the fact M3 G A in the proof of Lemma [7] Note that N = 
T\G ^ 'Z^\G is a 3 : 1 covering. 

Under the identification N = r\G = ThXHc, N becomes the principal torus bundle 

= A\C — >T^^ A2\C^ 
with the projection (mi,M2,M3) t— > (^1,^2). 
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We define the 8-dimensional compact nilmanifold M as the product 

M = T^xN. 



By Lemma [T] there is an isomorphism between M and the manifold (r//\//c) x (A\C) 
studied in [6, Section 2] (we have to send the factor of M to the factor A\C). Clearly, 
M is a principal torus bundle 

Let (^1,^2) be the Lie algebra coordinates for T^, so that (xi,X2, ji,j2,zi,Z2,vi,V2) 
are coordinates for the Lie algebra x G of M. Then 7r(xi,jiC2,ji,j2,zi,22, vi, V2) = 
{xi,X2,yi,y2TZi,Z2)- A basis for the left invariant (closed) 1-forms on is given as 
{ci5i,a2}, where oti = dxi and 0C2 = dx2. Then {a,,/3,-,7;-,r],; 1 <i<2} constitutes a 
(global) basis for the left invariant 1-forms on M. Note that {a,,/3/, 7;-; 1 < / < 2} is a 
basis for the left invariant closed 1-forms on the base T^. (We use the same notation 
for the differential forms on and their puUbacks to M.) Using the computation of 
the cohomology of A'^, we get that the Betti numbers of M are: bo{M) = bg{M) = 1, 
bi{M) = bn{M) = 6, b2{M) = beiM) = 17, b3{M) = bsiM) = 30, b4{M) = 36. In 
particular, xi^) = 0' for any nilmanifold. 

Consider the action of the finite group Z3 on M? given by 

p(jCl,JC2) = {-Xl -X2,Xl), 

for {xi,X2) eM?, p being the generator of Z3. Clearly p{'^) =1?, and so p defines an 
action of Z3 on the 2-torus = with 3 fixed points: (0,0), (5, \) and (|, |). 

The quotient space jTL-}, is the orbifold 2-sphere with 3 points of multiplicity 3. Let 
xi, X2 denote the natural coordinate functions on M^. Then the 1-forms dx\, dx2 satisfy 
p*{dx\) = —dxi —dx2 and p*{dx2) = dx\, hence p*{—dx\ —dx2) = dx2. Thus, we can 
take the 1-forms tti and 0^2 on such that 

p*(ai) = -ai-a2, p*(a2) = «i. (4) 
Define the following action of Z3 on M, given, at the level of Lie groups, by p: x 

P(^l, -^2,^1,^2, 21, Z2,Vl,V2) = {-Xi -X2,Xu-yi -^2,^1,-^1 -Z2,Zl,-Vi -V2,Vi). 

Note that m{p{p'),p{p)) = p{m{p' ,p)), for all p,p' E G, where m is the multiplication 
map ^ for G. Also F C G is stable by p since 

v\=V2 (mod 3) =^ — vi — V2 = vi (mod 3). 

Therefore there is a induced map p:M ^ M, and this covers the action p : ^ 
on the 6-torus = x x (defined as the action p on each of the three factors 
simultaneously). The action of p on the fiber = Z((l, 1), (3,0)) has also 3 fixed 
points: (0,0), (1,0) and (2,0). Hence there are 3^^ = 81 fixed points on M. 

Remark 3 Under the isomorphism M = {T]i\H£) x (A\C), we have that the action ofp 
becomes p(mi, M2, ms) — (C^i, C"2, C"3), where C, = e'^^'^^. Composing the isomorphism 
of Lemma Ul with the conjugation (mi,M2,W3) ^ (vi,V2,V3) = (Mi,M2,i<3) (which is an 
isomorphism of Lie groups — * He leaving Th invariant), we have that the action of 
p becomes p(vi,V2,V3) = (C^i, C^2, ^^^3). This is the action used in 



We take the basis {a,,/3,-, 'y;-, 7],; 1 < z < 2} of the 1-forms on M considered above. 
The 1-forms dyi, dzi, dvi, 1 < z < 2, on G satisfy the following conditions similar 
to dH): p*{dyi) = -dyi -dy2, P*{dy2) = dyi, p*{dzi) = -dzi - dzi, p*{dz2) = dz\, 
p*{dvi) = -dvi -dv2, P*{dv2) = dvi. So 

p*(ai) = -tti -0(2, p*(a2) = ai, 

p*(/3i) = -j8i-/32, p*m=Pi. .5^ 

P*(ri) = -71-72, P*(72) = 7i, 

P*{Vi) = -rii-ri2, p*(772) = T?i. 

Remark 4 If we define the l-forms = — tti — a2, jis = — /3i — /32, fs = — 7i — 72 '^^d 
7]3 = —rii — r\2, then we have p*(ai) = ocs, p*{0C2) = «i, p*(0C3) = a2, and analogously 
for the others. 

Define the quotient space 

M = M/Z3, 

and denote hy (p : M M the projection. It is an orbifold, and it admits the structure of 
a symplectic orbifold (see [|4(] for a general discussion on symplectic orbifolds). 

Proposition 5 The 2-form CO on M defined by 

£0 = tti A a2 + T?2 A /3i - 7]i A /32 + 7i A 72 

is a Z^-invariant symplectic form on M. Therefore it induces CO E Q.^^^{M), such that 
{M, cd) is a symplectic orbifold. 

Proof Clearly co^ ^ 0. Using © we have that p*(£o) = {-a\ - aj) A Wi +7]i A (-/3i - 
^i) + + T72) A jSi + (-71 - 72) A 7i = ft), so ft) is Zs-invariant. Finally, 

Jft) = J7]2 A /3i - Jt]i A /32 = (/32 A 71 - /32 A 72) A /3i - (-/3i A 71 + /3i A 72) A /32 = 0. 

□ 

It can be seen (cf. proof of Proposition 2.3 in |@]) that M is simply connected. 
Moreover, its cohomology can be computed using that 



U\M) =H*{Mf\ 



We get 



H\M) = 0, 

H^{M) = ([tti Aa2],[ai Aj82-a2A/3i],[ai Aj8i + ai Aj82 + «2Aj82], 

[ai A 72 - 052 A 7i], [tti A 7i + ai A 72 + a2 A 72], [/3i A/32], [/3i A 72 -/32 A 71], 
[j8i A 7i + /3i A 72 + /32 A 72] , [/3i A T]2 - /32 A T]i] , [/3i A r]i + /3i A r]2 + /32 A 772] , 

[71 A 72], [71 A T]2 - 72 A 7]i], [71 A T]i + 7i A r]2 + 72 A T]2]), 

//3(M) = 0. 



Remark 6 The Euler characteristic of M can be computed via the formula for finite 
group action quotients: let H be the cyclic group of order n, acting on a space X almost 
freely. Then 

z(x/n) = iz(x)+E(i-4). 

where Hp C IT is the isotropy group ofpGX. In our case % (M) = \z i^) + 81(1 — 5) = 
54. 

Using this remark and the previous calculation, we get that bi{M) = bj{M) = 0, 
b2{M) = beiM) = 13, b3{M) = bs{M) = and b4{M) = 26. Note that M satisfies 
Poincare duality since H*{M) = H*{M)'^^ and H*{M) satisfies Poincare duality. 
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Formality is a property of the rational homotopy type of a space which is of great im- 
portance in symplectic geometry. This is due to the fact that compact Kahler manifolds 
are formal [|5|] whilst there are compact symplectic manifolds which are non-formal 
[iH&E]. A general discussion of the property of formality can be found in [11]. 



The non-formality of a space can be detected by means of Massey products. Let us 
recall its definition. The simplest type of Massey product is the triple (also known as 
ordinary) Massey product. Let X be a smooth manifold and let a, G HP'{X), 1 < ? < 3, 
be three cohomology classes such that ai U ^2 = and ^2 U ^3 = 0. The (triple) Massey 
product of the classes a, is defined as the set 

{ai,a2,a-i) = {[oci AT] + {-ly^^^t, A ocs] | a,- = [a,], aiAa2=dt,, a2 A 053 = dr\} 

inside iy^'i+P2+w-i(x). We say that (ai,a2,a3) is trivial if G {auai^^). 

The definition of higher Massey products is as follows (see [jSi luj]). The Massey 
product (ai,a2, . . . ^at), at G HP'{X), I < i < t, t > 3, is defined if there are differential 
forms ttij on X, with I < i < j < t, except for the case (z, j) = (Ij), such that 

j-i 

ai = [ttij] , d ttij = oti,k A ak+ 1 J , (6) 

where a = {—l)'^^^^"^ a. Then the Massey product is 

't-i 

E 

k^l 



{a\,a2, ...,at) 



Y CC\,k^Cik+\,t 



a,j as in ® I C hP'+-+P'-^'-^\x) . 



We say that the Massey product is trivial if G (ai,a2, . . . Note that for 
(ai,a2, . . . to be defined it is necessary that (ai, . . . ,aj_i) and (a2,...,af) are 
defined and trivial. 

The existence of a non-trivial Massey product is an obstruction to formality, namely, 
if X has a non-trivial Massey product then X is non-formal. 



In the case of an orbifold, Massey products are defined analogously but taking the 
forms to be orbifold forms (see [4, Section 2]). 

Now we want to prove the non-formality of the orbifold M constructed in the previous 



section. By the results of M is non-formal since it is a nilmanifold which is not a 
torus. We shall see that this property is inherited by the quotient space M — M/'L-^. For 
this, we study the Massey products on M. 

Lemma 7 M has a non-trivial Massey product if and only if M has a non-trivial 
Massey product with all cohomology classes a,- G H*{M) being Z^-invariant cohomol- 
ogy classes. 

Proof We shall do the case of triple Massey products, since the general case is similar. 
Suppose that (ai,a2,a3), G HP'{M), 1 < / < 3 is a non-trivial Massey product on 
M. Let ai = [a,], where a, G Q.*^^y^{M). We pull-back the cohomology classes a,- via 

(p* : Q.l^^{M) — > ^2*(M) to get a Massey product ([(p*ai], [<?>*a2], [<P*«3])- Suppose that 
this is trivial on M, then (p*a\ h(p*a2 = db,, (p* a2 A (p* as = drj , with , 77 eO.* (M) , 
and (p*ai AT] + (-l)Pi+i<^ A(p*a3 = J/. Then f] = {-q + p*ri + {p*)^ri)/3, | = + 
p*^ + (p*)2^)/3 and / = (f + p*r} + {p*)^ri)/3 are Zs-invariant and (p*ai Af} + 
(-l)^i+i| A 9* as = df. Writing f] = I = rl f = rl for T),|,/ G ^UiM), 
we get «! A f) -I- (— 1)^'+^(^ A as = df, contradicting that {ai,a2,as) is non-trivial. 

Conversely, suppose that (ai,a2,fi!3), a/ G HP'{M)^^, 1 < / < 3, is a non-trivial Massey 
product on M. Then we can represent a,- = [a,] by Zs-invariant differential forms 
a,- G Q.P'{M). Let a, be the induced form on M. Then ([ai], [0(2], [as]) is a non-trivial 
Massey product on M. For if it were trivial then puUing-back by (p, we would get 
Og ((p*[ai],(p*[a2],(p*[a3]) = (ai,a2,a3). □ 

In our case, all the triple and quintuple Massey products on M are trivial. For instance, 
for a Massey product of the form {ai.az^a^), all a,- should have even degree, since 
//i(M) = H^{M) = H^{M) = H^{M) = 0. Therefore the degree of the cohomology 
classes in (ai,a2,a3) is odd, hence they are zero. 

Since the dimension of M is 8, there is no room for sextuple Massey products or 
higher, since the degree of (ai,a2, ■ ■■ ,as) is at least s + 2, as dega,; > 2. For s = 6, a 
sextuple Massey product of cohomology classes of degree 2 would live in the top degree 
cohomology. For computing an element of (ai, . . . ,a6), we have to choose ttij in 
But then adding a closed form ^ with ai U [0] = A[M] G H^{M) to a2,6 we can get 
another element of (ai , . . . , ag) which is the previous one plus A [M] . For suitable A the 
we get G (ai, ... ,6(6). 

The only possibility for checking the non-formality of M via Massey products is to 
get a non-trivial quadruple Massey product. 

From now on, we will denote by the same symbol a Zs-invariant form on M and that 
induced on M. Notice that the 2 forms 71 A 72, /3i A /32 and ai A 71 + a2 A 71 + a2 A 72 are 
Z3 -invariant forms on M, hence they descend to the quotient M = M /Z^. We have the 
following: 



Proposition 8 The quadruple Massey product 



([71 A yi] , [j8i A J82] , [j8i A J82] , [ai A 71 + a2 A 71 + a2 A -j^] ) 

is non-trivial on M. Therefore, the space M is non-formal. 
Proof First we see that 

(7lA')^)A(j8iAj82) = d^, 
(j8iAj82)A(aiA7i + a2A7i + a2A72) = dq, 

where ^ and g are the differential 3-forms on M given by 
^ = -^(riA(j8i A 772 + j82A 772 + j82AT]i) + ')^A(j8iA 772 + j8iA77i+j82AT]i)), 

g = ^(-oci A(t72Aj8i+t7i Aj8i + T7i Aj82) + a2A(T]2Aj82-T7i Aj8i)). 

Therefore, the triple Massey products ( [71 A 72] , [/3i A ^2] , [/3i A /32] ) and ( [/3i A /32] , [j8i A 
J82] , [oti A 71 + a2 A 71 + a2 A )5] ) are defined, and they are trivial because all the (triple) 
Massey products on M are trivial. (Notice that the forms ^ and g are Z3 -invariant on M 
and so descend to M.) Therefore, the quadruple Massey product ( [71 A 72] , [/3i A ^2] , [/3i A 
J82] , [oci A 7i + a2 A 7i + a2 A 72] ) is defined on M. Moreover, it is trivial on M if and only 
if there are differential forms f e ^^{M), 1 < i < 3, and gj G ^^^(M), 1 < ; < 2, such 
that 

(7lAl^)A(i8iAi82)=J(<^+/l), 

(i8iAi82)A(i8iAi82)=J/2, 

(/3i A P2) A (ai A 7i + a2 A 7i + a2 A 72) = J(g +/3), 

(71 A T^) A/2 - (<^ A (j8i A J82) = dgi, 

(j8i AJ82) A (g+fi) -/2 A (ai A 7i + a2 A 7i + a2 A -j^) = dg2, 
and the 6-form given by 

^ = -(71 A T^) Ag2 - gl A (ai A 7i + a2 A 7i + a2 A -j^) + ((^ +/l) A (c +/3) 

defines the zero class in H^{M). Clearly /i, /2 and /s are closed 3-forms. Since 
{M) = 0, we can write /i = df[, f2 = df2 and = J/3 for some differential 2-forms 
f[, f2 and /g e ^^^(M). Now, multiplying [^] by the cohomology class [o] e H^{M), 
where a = la\ A 72 - a2 A 71 + ai A 71 + a2 A 72 we get 

c7A^=-i(aiAa2Aj8iAj82A7iA72A77iA7]2)+J(aA^A/^ + aAgA/i'+aA/{AJ/^). 

Hence, \la\ A 72 - a2 A 71 + «] A 71 + a2 A 72] U [^] 7^ 0, which implies that [^] is non- 
zero in (M) . This proves that the Massey product ( [71 A 72] , [j8i A J82] , [j8i A J82] , [tti A 
7i + a2 A 7i + a2 A "j^]) is non-trivial, and so M is non-formal. □ 



Finally, there is a way to desingularize (M, m) to get a smooth symplectic manifold. 

Theorem 9 There is a smooth compact symplectic S-manifold (M, (o) which is simply- 
connected and non-formal. 

Proof By [0, Theorem 3.3], there is a symplectic resolution n : (M, co) (M, (d), which 
consists of a smooth symplectic manifold (M, (o) and a map n which is a diffeomor- 
phism outside the singular points. 

To prove the non-formality of M, we work as follows. All the forms of the proof of 
Proposition[8]can be defined on the resolution M. Take a Zs-equivariant map x^r -.M^M 
which is the identity outside small balls around the fixed points, and contracts smaller 
balls onto the fixed points. Substitute the forms T,-, K,t,, ... by i//*t,, i/a*k-, i//*!^, 
. . . Then the corresponding elements in the quadruple Massey product are non-zero, but 
these forms are zero in a neighbourhood of the fixed points. Therefore they define forms 
on M, by extending them by zero along the exceptional divisors Ep = 7r^^(p) {p EM 
singular point). Now the proof of Proposition [8] works for M with these forms. 

Finally, the manifold M is simply connected as it is proved in [@, Proposition 2.3] 
(basically, this follows from the simply-connectivity of M). □ 
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